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ASYMPTOTIC ESTIMATES FOR ROOTS OF THE CUBOID 
CHARACTERISTIC EQUATION IN THE LINEAR REGION. 


Ruslan Sharipov 


Abstract. A perfect cuboid is a rectangular parallelepiped whose edges, whose face 
diagonals, and whose space diagonal are of integer lengths. The second cuboid con¬ 
jecture specifies a subclass of perfect cuboids described by one Diophantine equation 
of tenth degree and claims their non-existence within this subclass. This Diophantine 
equation is called the cuboid characteristic equation. It has two parameters. The 
linear region is a domain on the coordinate plane of these two parameters given by 
certain linear inequalities. In the present paper asymptotic expansions and estimates 
for roots of the characteristic equation are obtained in the case where both parame¬ 
ters tend to infinity staying within the linear region. Their applications to the cuboid 
problem are discussed. 


1. Introduction. 

The cuboid characteristic equation in the case of the second cuboid conjecture 
is a polynomial Diophantine equation with two parameters p and q: 

Qpq(t)= 0. (1.1) 

The polynomial Q pq (t ) from (1.1) is given by the explicit formula 

Q pq (t) = t 10 + (2 q 2 +p 2 ) (3 q 2 - 2 p 2 )t 8 + ( q 8 + 10 p 2 q 6 + 

+ 4p 4 q 4 — Up 6 q 2 +p 8 )t 6 -p 2 q 2 (q 8 - 14p 2 q 6 + 4p 4 q 4 + (1.2) 

+ 10 p 6 q 2 + p 8 ) t A - p 6 q 6 {q 2 + 2p 2 ) (3p 2 -2 q 2 )t 2 -q 10 p w . 

The tenth degree polynomial (1.2) is related to the perfect cuboid problem through 
the following theorem (see Theorem 8.1 in [1] or in [2]). 

Theorem 1.1. A triple of positive integer numbers p, q, and t satisfying the equa¬ 
tion (1.1) and such that p ^ q are coprime produces a perfect cuboid if and only if 
the following inequalities are fulfilled: 

t>p 2 , t>pq , t > q 2 , (p 2 +t) (jpq + t) > 2t 2 . (1.3) 

Once a triple of numbers p, q , t obeying Theorem 1.1 is found, there is a definite 
procedure for producing a perfect cuboid from them. First of all three rational 
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numbers a, /3, and v are produced in one of the two ways: 1) using the formulas 


a = 


pq 
t ’ 


v = 


(1.4) 


or 2 ) using the other three formulas 


a = 


pq 
t 1 


? = P ~ 


V = 


(1.5) 


Both ways (1.4) and (1.5) are acceptable. 

Then the rational number £ is produced using the following formula for it: 

_ (1 + v 2 ) (1 — /3 2 ) (1 + a 2 ) 

2 (1 + /3 2 ) (1 — a 2 v 2 ) 

And finally, the numbers a, /3, v along with z from (1.6) are used in the formulas 


( 1 . 6 ) 


X\ 2v 

T = i + t> 2 ’ 


di 1 — v 2 

T = i + v 2 ' 


X2 2 2(1 — V 2 ) 

T = (l+U 2 )(l + 2 2 )’ 


a:3 (1 -u 2 )(1-2 2 ) 

L (l + u 2 )(l + z 2 )’ 


d 2 (1 + v 2 ) (1 + z 2 ) + 2 2(1 — v 2 ) 

L (1 + v 2 ) (! + z 2 ) 


d 3 _ 2 ( v 2 z 2 + 1) 

L (l + u 2 )(l + z 2 ) 


They produce six rational numbers in the right hand sides of the formulas (1.7). 
Then L is chosen as a common denominator for all these six rational numbers. Such 
a choice assures that x 3 , x 2l £ 3 , d\, d 2 , d 3 are integer numbers. They are edges and 
face diagonals of a perfect cuboid, while L is its space diagonal. In the other words, 
the integer numbers x±, x 2: x 3 , d±, d 2 , d 3 , and L satisfy the cuboid equations 


2 1 2 1 2 t 2 2 1 2 72 

X 1 + x 2 + x 3 ~ L ^ x 2 + ^3 ~ “1 5 , v 

2 , 2 j2 2 , 2 j2 V ’ / 

x 3 ”b X 1 — ) X± ~h X 2 — d 3 . 

The formulas (1.7) were derived from (1.8) in [3] for the general case where, 
instead of (1.2), a twelfth degree polynomial arises. It reduces to the polynomial 
(1.2) in a special case, which is called the case of the second cuboid conjecture. The 
second cuboid conjecture itself is formulated as follows (see [4]). 

Conjecture 1.1. For any positive coprime integers p ^ q the polynomial Q pq (t) 
is irreducible over the ring of integer numbers. 

Conjecture 1.1 means that the equation (1.1) has no integer roots. However, 
this conjecture is not yet proved nor disproved. It is just a conjecture. Therefore 
in the present paper we consider the roots of the equation ( 1 . 1 ) and study their 
dependence on p and q. This research continues the research from [3-7] and [1,2]. 
As for the Diophantine equations (1.8), they are being studied for almost 300 years. 
For the history and various approaches to them the reader is referred to [8-50] . The 
approach of the papers [51-63] is based on so-called multisymmetric polynomials. 
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It is different from the approach of the present paper. Therefore we do not consider 
the papers [51-63] below. 

The linear region associated with the cuboid characteristic polynomial (1.2) in 
the case of the second cuboid conjecture was defined in [2]. It is a domain in the 
positive quadrant of the pq- coordinate plane given by the linear inequalities 


p < 59 q. (1.9) 

The main goal of the present paper is to obtain asymptotic expansions and esti¬ 
mates for the roots of the characteristic equation (1.1) as p —> +oo and q —> +oo 
simultaneously staying within the linear region (1.9). 


2. Asymptotic expansions with constant ratio. 

It is easy to see that the inequalities defining the linear region (1.9) set upper 
and lower bounds for the ratio of two parameters p and q. They are written as 


1 

59 


< E < 59 . 


( 2 . 1 ) 


Due to (2.1) below we consider the case where 


p -> + 00 , 


q -> Too, 


~->0^oo 

q 


and where 9 is a rational number. In this case we can write 


9 =^, 

«22 


( 2 . 2 ) 


(2.3) 


where an and 012 are two positive coprime integers, i. e. the fraction (2.3) is ir¬ 
reducible. For any two positive coprime integers an and a ±2 there are two other 
coprime integers <221 and 022 such that 


dll 022 — «21 «12 = 1- (2.4) 

This fact follows from the Euclidean division algorithm (see [64] or [65]). 

Using the numbers an, ai 2 , 021 , 022 from (2.3) and (2.4), we define two matrices 


«11 

012 

, T = 

0 22 

O12 

021 

022 


021 

Oil 


(2.5) 


The equality (2.4) means that detS 1 = 1 and detT = 1. Moreover, the matrices 
(2.5) are inverse to each other. We use them as transition matrices (see [66]) and 
define the following change of coordinates in the p q - coordinate plane: 


P 


022 

— Oi2 


P 


V 


Oil 

Ol2 


P 

q 


— 021 

Oil 


q 


q 


021 

022 


q 
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The formulas (2.6) can be written in a non-matrix way: 


P= a 22 p-ai 2 q, 
q = -a 21 p + a n q , 

Using (2.7), (2.2), (2.3), and (2.4), we derive 


p = a 1 ip + a 12 q 1 
q = a 21 p + a 22 q. 


P _ P 

— — a 22- a 12 — 

q q 

q p , 

- — —021 —I- an 

q q 


a 22 9 — ai 2 — 


a22 ai2 — 012 ^22 


—021 9 + an — 


= 0, 
a 2 2 

—021 «12 + an a 2 2 


1 


(2.7) 

( 2 . 8 ) 

(2.9) 


as q 


O 22 0,22 

+oo. Relying on (2.8) and (2.9), we use the more restrictive condition 

p = const as gA +oo (2-10) 


when passing to the new variables p and q. It is worth to note the following lemma 
describing p and q in (2.7). 

Lemma 2.1. If p and q are coprime then the numbers p and q produced according 
to the first couple of the formulas (2.7) are also coprime. 

The proof is immediate from the second couple of the formulas (2.7). Indeed, if p 
and q have some common divisor r, then from the second couple of the formulas (2.7) 
we derive that r is a common divisor p and q , which contradicts their coprimality. 

Using (2.7), let’s substitute p = anp + a\ 2 q and q = a 2 \p + a 22 q into the 
polynomial (1-2). As a result we get another polynomial Qpqit). This polynomial 
is given by an explicit formula. However, the formula for the polynomial Qpqit) 
is rather huge. It is placed to the ancillary file strategy_formulas_03.txt in a 
machine-readable form. 

Using the polynomial Qpq{t ), we replace the equation (1.1) by the equation 


Qpq{t) = 0 . 


( 2 . 11 ) 


It is a tenth degree equation with respect to the variable t. Like Qpqit), the 
polynomial Qpqit) in (2.11) is even with respect to t. Along with each root t it has 
the opposite root —t. Therefore we use the condition 


f t > 0 if t is a real root, 

\ Im(f) >0 if t is a complex root, 


( 2 . 12 ) 


in order to divide the roots of the equation (2.11) into two groups. We denote 
through ti, t 2 , £ 3 , £ 4 , £5 those roots that obey the conditions (2.12). Then £ 6 , £ 7 , 
t», £ 9 , £10 are opposite roots of the equation (2.11): 


£r — —£ 1 


£7 — —£2 


t& — —£ 3 ; tg — —£ 4 , 


1 10 — —t^. 


(2.13) 


Typically, asymptotic expansions for roots of a polynomial equation look like 
power series (see [67]). By analogy to (2.3) in [1] and according to (2.10) we write 


Uip,q) = Ctq ai (l + ^T 


S— 1 


as q —>■ + 00 . 


(2.14) 
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The coefficients Ci in (2.14) should be nonzero: C, ^ 0. 

The exponents at and the coefficients Ci in (2.14) are determined using the 
Newton polygon (see [1]). The Newton polygon associated with the polynomial 
Qpq(t) in (2.11) is a triangle (see Fig. 2.1 below). Its boundary consists of three 



Fig. 2.1 
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parts — the upper part, the lower part, and the vertical part. The upper part is 
drawn in green, the lower part is drawn in red. The upper part of the Newton 
polygon in Fig. 2.1 is a segment of a straight line. It comprises six nodes associated 
with the equation (2.11). Here are the coefficients of these nodes: 

^ 4 10 o = l, 

Hg4 = 6 a 22 — 2 a 12 — a 12 a 22 , 

Aq 8 = 10 a 12 a 22 + a ® 2 + a 22 + 4 a 12 a 22 — 14 a ® 2 a 22 , 

H 4 12 = 14 a 12 a 22 — 4 a ® 2 &22 ~ a 12 a 22 ~' 10 a 12 a 22 — a 12 a 22 ; 

A 2 16 = 0-12 a 22 — 0 a 12 a 22 T 2 a® 2 a 22, 

-^0 20 — a 12 a 22 - 


According to [1], the exponent on in (2.11) is determined by the slope of the upper 
boundary of the Newton triangle in Fig. 2.1 by means of the formula on = —k. In 
our case k = — 2 , hence for an we derive 


OLi = 2. 


(2.16) 


The exponent (2.16) is common for all roots of the equation (2.11). The coefficient 
Ci in (2.14) is determined by the following equation: 

- 4 10 o Ci 10 + Ci & + A 68 Cj 6 + 

, o (2.17) 

+ A 4 12 Ci + A 2 16 Ci +Ao 2 O = 0. 


Substituting (2.15) into (2.17), we derive the equation 

Cj 10 + (6 0-22 — 2 df 2 — «12 <222) Cj 8 + (10 «12 a 22 + °12 + 
T Q -22 T 4 a 12 a 22 — 14 a\ 2 a 22 ) T (14 a 12 Q 22 — 

— 4 a ®2 a 22 — O 12 a 22 — 10 a 12 a 22 — a 12 ^22 ) T 

+ (2 a ®2 a 2 2 - 6 a^ 2 + af 2 a^ 2 ) O 2 - = 0 . 


It is remarkable that the equation (2.18) can be produced from the equation (1.1) 
by substituting t = Ci, p = ai 2 and q = 022 - Therefore the only known case where 
the equation (2.18) has a rational solution for Ci is the case 0,42 = 022 - Relying on 
the irreducibility of the fraction in (2.3), we set 


®i 2 — 1, 022 — 1- (2-19) 

Then, in order to satisfy the equality (2.4), we choose 

an = 1, <221 = 0. (2.20) 

The choice (2.20) is not unique. But it is the most simple. 

Applying (2.19) and (2.20) to (2.7), we derive the following formulas: 


P = P-q, q = Q, p = p + q. (2.21) 
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Due to (2.10) the formulas (2.21) mean that we choose the bisectorial direction on 
the p q - coordinate plane for asymptotic expansions. 

3. Bisectorial expansions. 

Let’s substitute (2.19) and (2.20) into the equation (2.11). As a result we can 
write the polynomial Qpq(t) from (2.11) in an explicit form: 

Qpq(t) = t 10 + (3g 4 - 10(? 3 p - 13q 2 p 2 - 8p 3 q - 2p 4 ) t 8 + (p 8 - 
— 40 g 7 p — 136 gr 4 p 4 + 2 g 8 + 14p 6 g 2 - 148 q 6 p 2 - 208g 5 p 3 + 

+ 8p 7 q — 28 p 5 q 3 ) t 6 - (10p 9 q 3 + 302 q 10 p 2 + 836 q 7 p 5 + 

+ 60 g 11 p + 200p 7 q 5 + 704 q 9 p 3 + p 10 q 2 + 494 q 6 p 6 + 2 g 12 + 

+ 956 q 8 p 4 + 55p 8 q 4 )t 4 - (6 p w q 6 + 1444 q 11 p 5 + 1230 g 10 p 6 + (3.1) 

+ 712 q 9 p 7 +40g 15 p + 1160 q 12 p 4 + 624 g 13 p 3 + 269 q 8 p 8 + 

+ 3q 16 +60p 9 q 7 + 212 q 14 p 2 )t 2 - 210g 16 p 4 - q 10 p 10 - q 20 - 
-210 q 14 p 6 - 120g 13 p 7 -45g 12 p 8 - 10g n p 9 - 10g 19 p - 
— 120 g 17 p 3 — 252 g 15 p 5 — 45 q 18 p 2 . 

Now let’s substitute (2.19) into the equation (2.18). As a result we can factor it: 

0 Ci - 1) (Ci + 1) (a 2 + l) 4 = 0. (3.2) 

The equation (3.2) has two simple real roots 

Ci = 1, Ci = -1 

and two purely imaginary roots 


Ci= i, 


Ci = -i 


of multiplicity four. Here i = yj—l. The condition (2.12) excludes two roots 
Ci = —1 and Ci = —i. Therefore from (2.14) we derive the expansion 


ti(p,q) = q 2 (1+^2/3i S q s ^j as q 

^ S=1 ' 

for real roots of the polynomial (3.1) and the expansion 


-+ +oo 


(3.3) 


U{p,q) =xq 2 ( 1 + 5Z 


S— 1 


as q +oo 


(3.4) 


for complex roots of the polynomial (3.1) in the equation (2.11). 


4. Asymptotic estimates for real roots. 

According to the formulas (3.3) and (3.4), both real and complex roots of the 
polynomial (3.1) are growing as q —> +oo. Therefore we need to specify the expan- 
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sions (3.3) and (3.4) up to non-growing terms. For a real root we have 

ti(p,q) = q 2 + 5pq + 10p 2 + R\{p : q) as q -A +oo. (4.1) 


The formula (4.1) is in agreement with the formula (3.3). It means that /3n = 5 p 
and P 12 = 10 p 2 . Like in [1] and [2], we have to obtain an estimate of the form 

\Ri{M)\<^f- (4.2) 

for the remainder term Ri(p,q) in (4.1). For this purpose we substitute 


t = q 2 + 5pq + 10p 2 + | 

Q 

into the polynomial (3.1). Then we replace q with the new variable z: 

1 

z = —. 

q 


(4.3) 


(4.4) 


As a result of two substitutions (4.3) and (4.4) and upon removing denominators 
the equation (2.11) with the polynomial (3.1) turns to a polynomial equation in 
the new variables c and z. This equation can be written as 


1216p 3 + f(p, c, z) = —32 c. 


(4.5) 


Here /(p, c, z) is a polynomial of three variables given by an explicit formula. The 
formula for f(p,c,z) is rather huge. Therefore it is placed to the ancillary file 
strategy_formulas_03.txt in a machine-readable form. 

Let q ^ 97 \p\ and let c belong to one of the following two intervals: 


—74 |p| 3 < c < 0 if p > 0, 

0 < c < 74 |p| 3 if p < 0. 


(4.6) 


From q > 97|p| and from (4.4) we derive the estimate \z\ ^ 1/97 Ipj^ 1 . Using this 
estimate and using the inequalities (4.6), by means of direct calculations one can 
derive the following estimate for the modulus of the function f(p , c, z): 

\f(Pi c ) z )\ < 1142 |p| 3 . (4.7) 

For fixed p and z the estimate (4.7) means that the left hand side of the equation 
(4.5) is a continuous function of c whose values obey the inequalities 

74 |p| 3 < 1216p 3 + f(p, c, z) < 2358 |p| 3 if p > 0, 

-2358 |p| 3 < 1216p 3 + f(p, c, z) < -74 |p| 3 if p < 0 


while c runs over the corresponding interval (4.6). The right hand side of the equa¬ 
tion (4.5) is also a continuous function of the variable c. Moreover, it is monotonic. 
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Multiplying the inequalities (4.6) by —32, we find that the values of the right hand 
side of the equation (4.5) fill one of the two intervals 

0< — 32 c < 2368 \p\ 3 if p > 0, 

(4 9) 

-2368 |p | 3 < -32 c < 0 if p < 0 

while c runs over the corresponding interval (4.6). Comparing (4.8) with (4.9), we 
see that there is at least one root of the polynomial equation (4.5) somewhere in 
one of the two intervals (4.6). 

The case p = 0 is exceptional. In this case f(p, c, z) = 0. Hence c = 0 is a root 
of the equation (4.5) for this case. 

The variable c is related to the variable t by means of the formula (4.4). Therefore 
the inequalities (4.6) for c imply the following inequalities for t: 

9 9 74 |»| 3 9 9 

q 2 + 5pq + lOp-r—< t < q 2 + 5pq + lOp 

9 

74 |a|3 

q 2 + 5pq+10p 2 < t < q 2 + 5pq+ 10p 2 + - 

q 

The case p = 0 is exceptional. In this case we get 

t = q 2 if p = 0. (4-11) 

The result obtained is formulated as a theorem. 

Theorem 4.1. For each q ^ 97 \p\ there is at least one real root of the polynomial 
(3.1) satisfying one of the conditions in (4.10) and (4.11). 

Theorem 4.1 proves the asymptotic expansion (4.1) and provides the estimate of 
the form (4.2) for the remainder term in it. 


if p > 0, 


if p < 0. 


(4.10) 


5. Asymptotics for complex roots. 

For complex roots of the polynomial (3.1) we have the formula specifying (3.4): 

U ' i 'LL ^ 

U(p,q) = iq 2 + Uipq -—-— L p 2 + Ri(p,q) as g-t+oo (5.1) 

and i = 2, ... , 5. Here i = y/—l and zq are roots of the following quartic equation: 

u 4 + 8m 2 — 12izt — 4 = 0. (5.2) 

The equation (5.2) is irreducible. All of its roots are irrational. Two of them are 
purely imaginary. Here are approximate values for these two roots: 


u 2 ~ 0.48638017041, u 3 « -3.439109107 i. (5.3) 

The other two roots are complex. Their approximate values are 
w 4 ~ 0.4600767354 + 1.476364468 i, 

u 5 « -0.4600767354 + 1.476364468 i. < ' 5 ' 4 ' ) 
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Like in the previous section, below we derive an estimate of the form 

\Ri(P,0)\ < (5-5) 

for the remainder term in the formula (5.1). For this purpose we substitute 

• ~2 u + in 2 -2 c 

t = \q 2 +upq --- p 2 +-. (5.6) 

2 q 

into the polynomial (3.1). Then we replace q with the new variable z using (4.4). 
As a result of two substitutions (5.6) and (4.4) and upon removing denominators 
the equation (2.11) with the polynomial (3.1) turns to a polynomial equation in 
the new variables c and z. This equation can be written as 

212992 i p 6 - 598016 p 6 u - 446464 i p 6 u 2 + 

, , , , (5.7) 

+ 110592 p 6 u 3 +ip(u,p,c,z) = 352256 p 3 c. 


Here <p(u,p , c, z) is a polynomial of four variables given by an explicit formula. The 
formula for ip(u,p,c, z) is rather huge. Therefore it is placed to the ancillary file 
strategy_formulas_03.txt in a machine-readable form. 

Let q ^ 97 |p|. Now c is a complex variable. Assume that it runs over the open 
disk on the complex plane given the by inequality 

|c|<51|p| 3 . (5.8) 

From q > 97|p| and from (4.4) we derive the estimate \z\ ^ 1/97 |p| -1 . Using this 
estimate and using (5.8), upon substituting the value u = u 2 from (5.3) one can 
derive the following estimate for the modulus of the function tp(u,p, c, z): 

| ¥ >(u 2 ,p,c,z)|< 1174818 |p| 6 . (5.9) 

For fixed p and z the estimate (5.9) means that the left hand side of the equation 
(5.7) is a function of c whose values within the disc (5.8) obey the estimate 

|212992 i p 6 - 598016 p 6 u 2 - 446464 i p 6 u\ + 

„ „ K (5.10) 

+ 110592p 6 w! + y{u 2 ,p,c,z)\ % 1189840 \p\ 6 . 


Note that it is a holomorphic function which is continuous up to the boundary of 
the disc (5.8). Therefore the estimate (5.10) holds on the boundary of the disc. 

The right hand side of the equation (5.7) is also a holomorphic function of c. It 
has exactly one zero at the origin within the disc (5.8) and its modulus is constant 
on the boundary of this disc. Indeed, we have 

|352256p 3 c| = 17965056 \p\ 6 if |c|=74|p| 3 . (5.11) 

Comparing the numbers 1189839 < 17965056 from (5.10) and (5.11) and applying 
the Rouche theorem (see [68] or [69]), we conclude that the equation (5.7) with 
u = u 2 has exactly one solution within the disc (5.8). 
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The same conclusion is valid for the other three roots u = u 3 , u = t/ 4 , and 11 = 115 
of the equation (5.2) from (5.3) and (5.4). However, the estimate (5.10) for them 
is replaced by the following three estimates: 


|212992 i p 6 - 598016p 6 u 3 - 446464 i p 6 u\ + 

+ 110592p 6 + <p(u 3 ,p, c, z)\ < 16504669 |p| 6 , 

|212992 i p 6 - 598016p 6 u 4 - 446464 i p 6 u\ + 

+ 110592p 6 W 4 + <p(u 4 ,p, c, z)\ < 2513770 |p| 6 , 

|212992 i p 6 - 598016p 6 u 5 - 446464 i p 6 u 2 5 + 

+ 110592p 6 U 5 + <p(u 5 ,p, c, z)\ < 2513770 |p| 6 . 


(5.12) 

(5.13) 

(5.14) 


The numbers 16504669 and 2513770 in the right hand sides of (5.12), (5.13), and 
(5.14) are smaller than the number 17965056 in (5.11), which is the reason for 
applying the Rouche theorem. 

The variable c is related to the variable t by means of the formula (5.6). Therefore 
the inequality (5.8) for c implies the following inequalities for t: 


t — iq 2 — U 2 pq 
t - \q 2 - u 3 pq 
t — iq 2 — U 4 pq 
t - iq 2 - u 5 pq 


U 2 + iu% _ 2 51 |p | 3 


< 


u 3 + iui _ 2 

- 5 - P 


114 + iui _ 2 

-n- P 


u 5 + iui _ 2 

-F —~P 


< 


< 


< 


q 

51|p| 3 

q 

51|p| 3 

q 

51 |p | 3 


P + 0, 

(5.15) 


(5.16) 

P^O, 

(5.17) 

P £ 0. 

(5.18) 


The inequalities (5.15), (5.16), (5.17), and (5.18) define four disks which play the 
same role as the intervals (4.10) in the previous section. 

The case p = 0 is exceptional. In this case the disks (5.15), (5.16), (5.17), and 
(5.18) collapse to the point t = iq 2 thus producing a multiple root: 


t 


if- 


(5.19) 


Now we can formulate the result of this section as a theorem. 

Theorem 5.1. For each q ^ 97 |p| there is exactly one root of the polynomial (3.1) 
in each of the four disks (5.15), (5.16), (5.17), and (5.18) or there is one multiple 
root given by the formula (5.19). 

Theorem 5.1 proves the asymptotic expansion (5.1) and provides the estimate of 
the form (5.5) for the remainder terms in it. 


6. Non-intersection of asymptotic sites. 

In the previous two sections we have found five sites where roots of the polynomial 
(3.1) are located. They are the intervals (4.10) and the disks (5.15), (5.16), (5.17), 
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(5.18) in the non-degenerate case p ^ 0 and the points (4.10) and (5.19) in the 
degenerate case p = 0. The points (4.10) and (5.19) do not coincide since q = q > 0 
(see (2.21) and Theorem 1.1). In the case p/Owe have the following lemma. 

Lemma 6.1. For q > 97 |p| 0 the. asymptotic sites (4.10), (5.15), (5.16), (5.17), 

and (5.18) do not intersect with each other. 

Proof. In order to prove Lemma 6.1 for discs it is sufficient to calculate the distances 
between their centers ans compare them with the double of their radius, which 
is the same for all of them. The intervals (4.10) are centered about the point 
t = q 2 + 5 pq + 10p 2 . They can be enclosed in one disc with the radius 74 \p\ 3 /q 
for rough estimates. By means of direct calculations one can derive a lower bound 
for the distances from the center of this disc to the centers of the other four discs: 


du ft 1.4 {q - 2.5 |p|) 2 - 21.75 |p| 2 , i = 2, ... , 5. 
Applying q fz 97 |p| to (6.1), we obtain the inequality 

d u ft 12480 |p| 2 . 


For the sum of the radii of two discs from q ^ 97 |p| we derive 


n + n 


74 |p| 3 + 51 |p| 3 

q q 


125 , _ l2 „,_ l2 

< lyf\P\ < 2 \P\ ■ 


( 6 . 1 ) 


( 6 . 2 ) 


(6.3) 


Comparing (6.2) and (6.3), we see that du > r± + rj, i. e. the intervals (4.10) do 
not intersect with the discs (5.15), (5.16), (5.17), and (5.18). 

Similarly, for the the mutual distances between centers of the discs (5.15), (5.16), 
(5.17), and (5.18) one can obtain the following lower bound: 


dij ^ 0.98 |p| q — 8 |p| 2 , i = 2, ... , 5 and i ^ j. (6-4) 

Applying q ^ 97 |p| to (6.4), we obtain the inequality 

d u ^ 87 \p\ 2 . (6.5) 

For the double radius of the discs (5.15), (5.16), (5.17), and (5.18) from the in¬ 
equality q ^ 97 |p| we derive the following upper bound: 


r i + r 3 = 2 n 


102 |p| 3 102 ,_ l2 ._ l2 

— r ~ «-97 |p| < 2 • 


( 6 . 6 ) 


Comparing (6.5) and (6.6), we see that dij > Vi + rj , i.e. the discs (5.15), (5.16), 

(5.17) , and (5.18) do not intersect with each other. Lemma 6.1 is proved. □ 

Lemma 6.2. For q ^ 97|p| ^ 0 the asymptotic discs (5.15), (5.16), (5.17), and 

(5.18) are enclosed in upper half-plane of the complex plane and do not intersect 
with the real axis. 


Proof. The proof is based on the following lower bound for the distances from the 
centers of the discs (5.15), (5.16), (5.17), (5.18) to the real axis: 


di ^ {q — 2 \p\) 2 — 12 |p| 2 , i = 2, ... ,5. 


(6.7) 
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Applying q 97 \p\ to (6.7), we obtain the inequality 

di > 9013 \p\ 2 . ( 6 . 8 ) 


On the other hand, for the radius of the discs (5.15), (5.16), (5.17), and (5.18) from 
the inequality q ^ 97 |p| we derive the following upper bound: 


51 |p | 3 

q 


< | IpI 2 < IpI 2 - 


(6.9) 


Comparing ( 6 . 8 ) and (6.9), we see that Lemma 6.2 is proved. □ 

Lemmas 6.1 and 6.2 are summed up in the following theorem. 

Theorem 6.1. For q ^ 97 |p| ^ 0 five roots t\, t 2 , t%, < 4 , t$ of the polynomial (3.1) 
obeying the condition (2.12) are simple. They are located within five disjoint sites 
(4.10), (5.15), (5.16), (5.17), and (5.18), one per each site. 

Due to (2.13) Theorem 6.1 locates all of the ten roots of the polynomial (3.1). 
Theorem 6.1 does not cover the degenerate case p = 0. However, due to (2.21) the 
equality p = 0 implies p = q. Therefore the degenerate case p = 0 does not produce 
perfect cuboids (see Theorem 1.1). 


7. Integer points of asymptotic sites. 

According to Theorem 6.1, for q > 97|p| ^ 0 the equation (2.11) with the 
polynomial (3.1) has exactly one real positive root t\ belonging to one of the two 
asymptotic intervals (4.10). The following theorem is immediate from (4.10). 

Theorem 7.1. If q ^ 97|p| ^ 0 and if q > 74|p| 3 , then the asymptotic intervals 
(4.10) have no integer points. 

8. Application to the cuboid problem. 

The equation (1.1) is related to the perfect cuboid problem through Theorem 1.1. 
The equation (2.11) differs from the equation (1.1) by the change of variables (2.21). 
Let’s consider the case p < 0 in (4.10). In this case from (4.10) we take 

t < q 2 + 5pq + 10p 2 + ^ . (8.1) 

q 

Theorem 1.1 provides four additional inequalities (1.3). Since q = q in (2.21), the 
third of them is written as t > q 2 . Combining it with (8.1), we get 

q 2 + 5pq+10p 2 + > q 2 . (8.2) 

q 

Since p < 0, the inequality (8.2) turns to the following one: 

„ 74 Ini 3 

-5 \p\ q + 10 \p\- 4--— > 0. 


q 


(8.3) 
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Let’s apply the inequality q > 97 \p\ from Theorem 7.1. Since q = q > 0, it yields 


-5|p|g<-5-97|p| 2 , 


74 |p| 3 74 |p| 2 

q ^ 97 


From (8.4) one can easily derive the following inequality: 


(8.4) 


-5 \p\q 


10|p| 2 + 74 ^ ^ f-5-97- 


10 


74 

97 


W 


46001 

97 


\p \ 2 < o. 


(8.5) 


The inequalities (8.3) and (8.5) contradict each other. The contradiction obtained 
means that Theorem 7.1 can be modified in the following way. 

Theorem 8.1. If q ^ 97 \p\ and p < 0, then the corresponding asymptotic interval 
in (4.10) has no integer points producing perfect cuboids. 

Unfortunately Theorem 8.1 cannot be extended to the case p > 0. In this case 
the inequality q ^ 97 |p| does not contradict the cuboid inequalities (1.3). However, 
Theorem 7.1 is still valid in the case p > 0. 

Theorem 7.1 provides two inequalities q > 97 |p| ^ 0 and q > 74 |p| 3 . In the case 
p > 0, passing to the original variables p and q by means of the formulas (2.21), 
these two inequalities are written in the following way: 


98 q 

97 9 = 5 + 97 - 


p<q + 



( 8 . 6 ) 


Due to (2.21) the inequality p > 0 itself means p > q. 

Similarly, Theorem 8.1 provides the inequality q ^ 97 |p| in the case p < 0, i. e. 
when p < q. Passing to the original variables p and q by means of (2.21), we can 
write this inequality in the following way: 


P > 



q_ 

97’ 


(8.7) 


Since the bisector line p = q does not produce perfect cuboids, the inequalities (8.6) 
and (8.7) can be united and then written as follows: 


P^q + min(^,^). (8.8) 

In this form the above inequalities (8.8) are similar to the linear inequalities (1.9) 
defining the linear region. 


9. Conclusions. 

Theorems 7.1 and 8.1 along with the inequalities (8.8) constitute the main result 
of this paper. The inequalities (8.8) define a subregion within the linear region (1.9). 
Theorems 7.1 and 8.1 prove that no cuboids are available within this subregion. 

The subregion defined by the inequalities (8.8) is rather small. It looks like a 
narrow spiky strip surrounding the bisector line p = q within the positive quad¬ 
rant of the p q - coordinate plane. A substantial part of the linear region (1.9) still 
remains for numeric search of perfect cuboids. 






ASYMPTOTIC ESTIMATES FOR ROOTS ... 


15 


References 

1. Masharov A. A., Sharipov R. A., A strategy of numeric search for perfect cuboids in the case 
of the second cuboid conjecture, e-print arXiv: 1504.07161 in http://arXiv.org. 

2. Sharipov R. A., Reverse asymptotic estimates for roots of the cuboid characteristic equation 
in the case of the second cuboid conjecture, e-print arXiv: 1505.00724 in http://arXiv.org. 

3. Sharipov R. A., A note on a perfect Euler cuboid, e-print arXiv: 1104.1716 in Electronic Archive 
http: l j arXiv.org. 

4. Sharipov R. A., Perfect cuboids and irreducible polynomials, Ufa Mathematical Journal 4, 
(2012), no. 1, 153-160; see also e-print arXiv: 1108.5348 in Electronic Archive http://arXiv.org. 

5. Sharipov R. A., A note on the first cuboid conjecture, e-print arXiv: 1109.2534 in Electronic 
Archive http: // arXiv.org. 

6. Sharipov R. A., A note on the second cuboid conjecture. Part I, e-print arXiv: 1201.1229 in 
Electronic Archive http://arXiv.org. 

7. Sharipov R. A., A note on the third cuboid conjecture. Part I, e-print arXiv: 1203.2567 in 
Electronic Archive http://arXiv.org. 

8. Euler brick, Wikipedia, Wikimedia Foundation Inc., San Francisco, USA. 

9. Halcke P., Deliciae mathematicae oder mathematisches Sinnen-Confect, N. Sauer, Hamburg, 
Germany, 1719. 

10. Saunderson N., Elements of algebra, Vol. 2, Cambridge Univ. Press, Cambridge, 1740. 

11. Euler L., Vollstandige Anleitung zur Algebra, 3 Theile, Kaiserliche Akademie der Wissenschaf- 
ten, St. Petersburg, 1770-1771. 

12. Pocklington H. C., Some Diophantine impossibilities, Proc. Cambridge Phil. Soc. 17 (1912), 
108-121. 

13. Dickson L. E, History of the theory of numbers, Vol. 2; Diophantine analysis, Dover, New 
York, 2005. 

14. Kraitchik M., On certain rational cuboids, Scripta Math. 11 (1945), 317-326. 

15. Kraitchik M., Theorie des Nombres, Tome 3, Analyse Diophantine et application aux cuboides 
rationelles, Gauthier-Villars, Paris, 1947. 

16. Kraitchik M., Sur les cuboides rationelles, Proc. Int. Congr. Math. 2 (1954), Amsterdam, 
33-34. 

17. Bromhead T. B., On square sums of squares, Math. Gazette 44 (1960), no. 349, 219-220. 

18. Lai M., Blundon W. J., Solutions of the Diophantine equations x 2 + y 2 = l 2 , y 2 + z 2 = m 2 , 

z 2 +x 2 = n 2 , Math. Comp. 20 (1966), 144-147. 

19. Spohn W. G., On the integral cuboid, Amer. Math. Monthly 79 (1972), no. 1, 57-59. 

20. Spohn W. G., On the derived cuboid, Canad. Math. Bull. 17 (1974), no. 4, 575-577. 

21. Chein E. Z., On the derived cuboid of an Eulerian triple, Canad. Math. Bull. 20 (1977), no. 4, 
509-510. 

22. Leech J., The rational cuboid revisited, Amer. Math. Monthly 84 (1977), no. 7, 518-533; see 
also Erratum, Amer. Math. Monthly 85 (1978), 472. 

23. Leech J., Five tables relating to rational cuboids, Math. Comp. 32 (1978), 657-659. 

24. Spohn W. G., Table of integral cuboids and their generators, Math. Comp. 33 (1979), 428-429. 

25. Lagrange J., Sur le derive du cuboide Eulerien, Canad. Math. Bull. 22 (1979), no. 2, 239-241. 

26. Leech J., A remark on rational cuboids, Canad. Math. Bull. 24 (1981), no. 3, 377-378. 

27. Korec I., Nonexistence of small perfect rational cuboid, Acta Math. Univ. Comen. 42/43 
(1983), 73-86. 

28. Korec I., Nonexistence of small perfect rational cuboid II, Acta Math. Univ. Comen. 44/45 
(1984), 39-48. 

29. Wells D. G., The Penguin dictionary of curious and interesting numbers, Penguin publishers, 
London, 1986. 

30. Bremner A., Guy R. K., A dozen difficult Diophantine dilemmas, Amer. Math. Monthly 95 
(1988), no. 1, 31-36. 

31. Bremner A., The rational cuboid and a quartic surface, Rocky Mountain J. Math. 18 (1988), 
no. 1, 105-121. 

32. Colman W. J. A., On certain semiperfect cuboids, Fibonacci Quart. 26 (1988), no. 1, 54-57; 
see also Some observations on the classical cuboid and its parametric solutions, Fibonacci 
Quart. 26 (1988), no. 4, 338-343. 

33. Korec I., Lower bounds for perfect rational cuboids, Math. Slovaca 42 (1992), no. 5, 565-582. 


16 


RUSLAN SHARIPOV 


34. Guy R. K., Is there a perfect cuboid? Four squares whose sums in pairs are square. Four 
squares whose differences are square, Unsolved Problems in Number Theory, 2nd ed., Springer- 
Verlag, New York, 1994, pp. 173-181. 

35. Rathbun R. L., Granlund T., The integer cuboid table with body, edge, and face type of 
solutions, Math. Comp. 62 (1994), 441-442. 

36. Rathbun R. L., Granlund T., The classical rational cuboid table of Maurice Kraitchik, Math. 
Comp. 62 (1994), 442-443. 

37. Peterson B. E., Jordan J. H., Integer hexahedra equivalent to perfect boxes, Amer. Math. 
Monthly 102 (1995), no. 1, 41-45. 

38. Van Luijk R., On perfect cuboids, Doctoraalscriptie, Mathematisch Instituut, Universiteit 
Utrecht, Utrecht, 2000. 

39. Rathbun R. L., The rational cuboid table of Maurice Kraitchik, e-print math.HO/0111229 in 
Electronic Archive http://arXiv.org. 

40. Narumiya N., Shiga H., On Certain Rational Cuboid Problems, Nihonkai Math. Journal 12 
(2001), no. 1, 75-88. 

41. Hartshorne R., Van Luijk R., Non-Euclidean Pythagorean triples, a problem of Euler, and ra¬ 
tional points on K3 surfaces, e-print math.NT/0606700 in Electronic Archive http:// arXiv.org. 

42. Waldschmidt M., Open diophantine problems, e-print math.NT/0312440 in Electronic Archive 
http: // arXiv.org. 

43. Ionascu E. J., Luca F., Stanica P., Heron triangles with two fixed sides, e-print math.NT/0608 
185 in Electronic Archive http://arXiv.org. 

44. Ortan A., Quenneville-Belair V., Euler’s brick, Delta Epsilon, McGill Undergraduate Mathe¬ 
matics Journal 1 (2006), 30-33. 

45. Knill O., Hunting for Perfect Euler Bricks, Harvard College Math. Review 2 (2008), no. 2, 
102; see also http://www.math.harvard.edu/~knill/various/eulercuboid/index.html. 

46. Sloan N. J. A, Sequences A031173, A031174, and A031175, On-line encyclopedia of integer 
sequences, OEIS Foundation Inc., Portland, USA. 

47. Stoll M., Testa D., The surface parametrizing cuboids, e-print arXiv: 1009.0388 in Electronic 
Archive http: // arXiv.org. 

48. Meskhishvili M., Perfect cuboid and congruent number equation solutions, e-print arXiv: 1211 
.6548 in Electronic Archive http://arXiv.org. 

49. Meskhishvili M., Parametric solutions for a nearly-perfect cuboid, e-print arXiv: 1502.02375 
in Electronic Archive http://arXiv.org. 

50. Kitchen S., On the existence of perfect cuboids, OURE publication, Missouri University of 
Science and Technology, 2015. 

51. Sharipov R. A., Perfect cuboids and multisymmetric polynomials, e-print arXiv:1205.3135 in 
Electronic Archive http://arXiv.org. 

52. Sharipov R. A., On an ideal of multisymmetric polynomials associated with perfect cuboids, 
e-print arXiv: 1206.6769 in Electronic Archive http://arXiv.org. 

53. Sharipov R. A., On the equivalence of cuboid equations and their factor equations, e-print 
arXiv: 1207.2102 in Electronic Archive http://arXiv.org. 

54. Sharipov R. A., A biquadratic Diophantine equation associated with perfect cuboids, e-print 
arXiv: 1207.4081 in Electronic Archive http://arXiv.org. 

55. Ramsden J. R., A general rational solution of an equation associated with perfect cuboids, 
e-print arXiv: 1207.5339 in Electronic Archive http://arXiv.org. 

56. Ramsden J. R., Sharipov R. A., Inverse problems associated with perfect cuboids, e-print 
arXiv: 1207.6764 in Electronic Archive http://arXiv.org. 

57. Sharipov R. A., On a pair of cubic equations associated with perfect cuboids, e-print arXiv: 1208 
.0308 in Electronic Archive http://arXiv.org. 

58. Sharipov R. A., On two elliptic curves associated with perfect cuboids, e-print arXiv: 1208.1227 
in Electronic Archive http://arXiv.org. 

59. Ramsden J. R., Sharipov R. A., On singularities of the inverse problems associated with 
perfect cuboids, e-print arXiv: 1208.1859 in Archive http://arXiv.org. 

60. Ramsden J. R., Sharipov R. A., On two algebraic parametrizations for rational solutions of 
the cuboid equations, e-print arXiv: 1208.2587 in Electronic Archive http://arXiv.org. 

61. Sharipov R. A., A note on solutions of the cuboid factor equations, e-print arXiv: 1209.0723 
in Electronic Archive http://arXiv.org. 


ASYMPTOTIC ESTIMATES FOR ROOTS ... 


17 


62. Sharipov R. A., A note on rational and elliptic curves associated with the cuboid factor 
equations, e-print arXiv: 1209.5706 in Electronic Archive http://arXiv.org. 

63. Ramsden J. R., Sharipov R. A., Two and three descent for elliptic curves associated with 
perfect cuboids, e-print arXiv: 1303.0765 in Archive http://arXiv.org. 

64. Euclidean division, Wikipedia, Wikimedia Foundation Inc., San Francisco, USA. 

65. Kostrikin A. I., Algebra, Nauka publishers, Moscow, 1977. 

66. Sharipov R. A., Course of analytical geometry, Bashkir State University, Ufa, 2011; see also 
arXiv: 1111.6521. 

67. Kashchenko I. S., Asymptotic expansions for solution of equations, RIO YarGU, Yaroslavl, 
2011; see http://math.uniyar.ac.ru/math/system/files/Kaschenko_I.S._Asimptoticheskoe_Raz 
lozhenie.pdf. 

68. Rouche’s theorem, Wikipedia, Wikimedia Foundation Inc., San Francisco, USA. 

69. Markushevich A. I., Short course of the theory of analytic functions, Nauka publishers, 
Moscow, 1978. 

Bashkir State University, 32 Zaki Validi street, 450074 Ufa, Russia 
E-mail address : r-sharipov@mail.ru 


